We prove a compactness result for minimal hypersurfaces with bounded index and volume, which can be thought of as an extension of the compactness theorem of ChoiSchoen [4] to higher dimensions.
Introduction
Compactness theorems for minimal hypersurfaces are integral to proving existence results and allow for a deeper understanding of the space of minimal hypersurfaces admitted by a closed manifold. Due to the recent work of Marques-Neves [13] minimal hypersurfaces exist in abundance at least in the case of positive Ricci curvature for the ambient metric. Moreover, since these minimal surfaces are smooth and have bounded volume, we have some control on their index due to results of Ejiri-Micallef [8, Theorem 4.3] (when n = 2) and Cheng-Tysk [3, Theorem 3] (n ≥ 3)
1 . Thus it makes sense to study their compactness theory.
In general, smooth minimal submanifolds are analytically well controlled if they have bounded volume, and point-wise bounded second fundamental form A -at which point we know that such manifolds are uniformly graphical about each of their points, and that these graphs are analytically well controlled. Therefore given any sequence of minimal submanifolds with a uniform bound on volume and second fundamental form, a smooth compactness theorem easily follows. In the case of minimal surfaces M 2 ֒→ N 3 the work of Choi-Schoen [4] gives us something stronger: if N satisfies Ric N ≥ α > 0 then the space of closed, embedded minimal hypersurfaces with bounded genus γ is strongly compact in the smooth topology -there is some smooth minimal hypersurface for which a subsequence converges locally graphically to this limit. In other words, a bound on the genus gives rise to a point-wise bound on the second fundamental form, and global control on area.
In higher dimensions n ≥ 3 and M n ֒→ N n+1 , again with Ric N ≥ α > 0, control on topology of M n can never give a strong compactness theory due to counter-examples for the spherical Bernstein problem of Wu-Yi Hsiang [11] . In particular, when N = S 4 with the round metric, there exists a sequence of smooth embedded {M where the equivalence ∼ pinches the top and bottom tori T 1 × {1}, T 2 × {0} to points. Therefore any generalisation of Choi-Schoen to higher dimensions would involve control on some other quantities.
If we go back to n = 2 we remark that a genus bound gives a bound on area due to a result of Choi-Wang [5] (when M is two-sided) and Choi-Schoen [4] (for general M ): if an embedded minimal surface M 2 in N 3 has Euler characteristic χ(M ), letting π 1 (N ) be the fundamental group of N and again Ric N ≥ α > 0 then
Furthermore, a bound on genus and area gives a bound on index due to results of Ejiri-Micallef [8, Theorem 4.3] :
where the first inequality holds without control on the codimension or a lower bound on Ric N and C(N ) depends linearly on the dimension, and on the second fundamental form of some isometric embedding of N into a Euclidean space. Here index(M ) is the Morse index -the number of negative eigenvalues associated with the Jacobi (second variation) operator for minimal hypersurfaces M ⊂ N :
where v ∈ Γ(NM ) is a section of the normal bundle and ∇ ⊥ is the normal connection. Thus when n = 2 we clearly have
We remark that if M is two-sided then we can consider Q to be defined on smooth functions over M since every such v = f ν for some choice of unit normal ν and f ∈ C ∞ (M ). We obtain
Thus, in all dimensions, if Ric N ≥ α > 0 then Q(f, f ) < 0 whenever f ≡ 1. Therefore there are no stable (index zero) two-sided minimal hypersurfaces in such N . By considering a totally geodesic RP 2 ⊂ RP 3 we can see that there exist one-sided and stable minimal hypersurfaces in manifolds of positive Ricci curvature.
It now seems reasonable to question whether bounded volume and index is sufficient for a compactness theorem in all dimensions?
In [15] Schoen-Simon prove a regularity and compactness theorem for orientable hypersurfaces with bounded volume which are stationary (minimal) and stable (index zero) in arbitrary closed N . As an application of such a result they extend the work of Almgren [2] and Pitts [14] to prove existence and regularity of minimal hypersurfaces in closed manifolds.
The theorems in [15] are proved under the assumption that M ∈ IV n (N n+1 ) (the space of integrable varifolds) with H n−2 (sing(M )) = 0 2 . The results of Schoen-Simon follow from an in-depth local analysis of stable minimal hypersurfaces, with all estimates proven about points in M under normal coordinates for N . The assumption on the singular set allows for the use of suitable test functions in the second variation formula (3) -a-priori one can only test Q with functions supported away from the singular set but this can be relaxed under the restriction H n−2 (sing(M )) = 0. The main technical result [15, Theorem 1] being that if a stable hypersurface is sufficiently Hausdorff close to a plane in normal coordinates, then the surface must decompose (on a possibly smaller region) into a multi-valued smooth graph over this plane and is therefore a smooth minimal hypersurface here. The regularity and compactness theorems [15, Theorems 2 and 3] then follow by a suitably adapted dimensionreduction argument of Federer coupled with the results of Simons [18] that stable cones C in R n+1 are hyperplanes when n ≤ 6, can have an isolated singularity when n = 7, and H n−7+β (sing(C)) = 0 for all β > 0 when n ≥ 8.
Here we will use the local results of Schoen-Simon in order to prove a compactness theorem for minimal hypersurfaces with bounded volume and index when 2 ≤ n ≤ 6. The rough idea being to use a notion of almost minimising (or almost stable) due to Pitts [14] ; if we have a sequence of say, index one smooth hypersurfaces {M k } with bounded volume, then we know they varifold converge to some stationary limit M by Allard's compactness theorem [1] . Now, pick a point in M and let B ε (x) be some small ambient ball. If B ε (x) ∩ M k is stable for all k (up to subsequence), then M ∩ B ε (x) would be almost minimising in the sense of Pitts and we have the strong regularity results of Schoen-Simon to apply here. Moreover if B ε (x) ∩ M k is unstable for all k sufficiently large, there cannot be a second ball in M k \B ε (x) which is unstable -otherwise the index of the approaching M k would eventually be two c.f. Lemma 3.1.
We prove moreover that the convergence must be graphical over most of M -away a finite set of points -and if the number of leaves in the convergence is eventually equal to one, the convergence is smooth and graphical everywhere, with the limit having the same index bound as the approaching hypersurfaces. Furthermore if the number of leaves in the convergence is bigger than one then the limit must be stable if it is two-sided. An easy corollary of this result is that if the ambient manifold has strictly positive Ricci curvature Ric N ≥ α > 0, then the space of finite volume and index minimal hypersurfaces is strongly compact in the smooth topology. In view of (2) we therefore have recovered the result of Choi-Schoen [4] when n = 2 and extended this appropriately for higher dimensions. 
Statement of results
where {x i } are normal coordinates with respect to B N ρ0 (p) and g ij are the metric components in these coordinates. In [15] they use the notation that M = reg(M ) andM = reg(M ) ∪ sing(M ) = spt(M ) when M is viewed as an integral n-varifold, i.e. M ∈ IV n (N n+1 ). We will use the more standard notation reg(M ), sing(M ) and spt(M ) -see [16] for an introduction to varifolds. 
If n ≤ 6 and ρ
Remark 2.2. We point out here that in the case n = 2 a trivial extension allows one to have the same result as above but with the assumption H 0 (sing(M )) < ∞ -we discuss this in the appendix. Moreover we mention that a highly non-trivial extension of this work, due to Neshan Wickramasekera [20] would in particular allow one to assume only that H n−1 (sing(M )) = 0 for all dimensions.
Here we prove the following in the smooth setting, but we note that it will hold assuming lower regularity of N . Let B N ρ0 (p) for p ∈ reg(M ) be as above. In normal coordinates B n+1 ρ0 (0) (we will assume that
We will say that M k → M smoothly and graphically at p ∈ M if for all sufficiently large k, there exists some ρ ≤ ρ 0 and smooth functions u
Thus we can also find ρ > 0 such that we can consider the u i k to be defined on M ∩ B N ρ . We note that if the convergence is smooth and graphical away from a finite set Y and M is connected and embedded (so that M \Y is also connected) then the number of leaves in the convergence is a constant over M \Y. 
for some fixed constants Λ ∈ R, I ∈ N independent of k. Then up to subsequence, there exists a closed connected and embedded minimal hypersurface M ⊂ N where M k → M in the varifold sense with
Now, assuming that M k = M eventually, we have that the convergence is smooth and graphical for all
⊂ M is a finite set with K ≤ I and the following dichotomy holds:
• if the number of leaves in the convergence is one then Y = ∅ i.e. the convergence is smooth and graphical everywhere, moreover
• if the number of sheets is ≥ 2
Remark 2.4. The index bound is necessary to obtain the above convergence by considering a family of Scherk surfaces, or a family of Costa-Hoffmann-Meeks surfaces with genus going to infinity in a Euclidean ball.
We also remark again that control on the topology and volume alone is not enough to ensure such a compactness result, given the examples of Hsiang [11] mentioned in the introduction.
We recall the result of Choi-Schoen [4] :
Theorem 2.5. [4, Theorem 1] Let N be a compact 3-dimensional manifold with positive Ricci curvature. Then the space of compact embedded minimal surfaces of fixed topological type in N is compact in the C k topology for any k ≥ 2. Furthermore if N is real analytic, then this space is a compact finite-dimensional real analytic variety.
A corollary of our main theorem is the following strong compactness result for embedded, closed minimal hypersurfaces in closed manifolds N n+1 with Ric N > 0 and 2 ≤ n ≤ 6. We remark that, viewing (3), such manifolds do not admit two-sided stable minimal hypersurfaces. In view of (2) we note that this recovers Theorem 2.5 when we restrict to n = 2.
Corollary 2.6. Let N n+1 be a closed Riemannian manifold with Ric N > 0 and 2 ≤ n ≤ 6. Denote by M n (N ) the class of closed, smooth, and embedded minimal hypersurfaces M ⊂ N . Then given any 0 < Λ < ∞ and I ∈ N the class
is compact in the C k topology for all k ≥ 2 with single-sheeted graphical convergence to some limit M ∈ M(Λ, I). We also have that eventually the graphical, single-sheeted convergence implies that M k is diffeomorphic to M for sufficiently large k. Thus there exists someC =C(Λ, I, N, i) such that for any M ∈ M(Λ, I), letting b i (M ) denote the i th Betti number we must have
Proof of Corollary A.7. The proof is essentially trivial given Theorem 2.3 -given a sequence in this class we know that if we do not have smooth, single sheeted graphical convergence to some limit M then M is two sided and it is stable, which cannot happen because Ric N > 0.
Supporting results
Whilst our main concern here is with smooth hypersurfaces, we sometimes work within the class of integrable varifolds -see [16] for an introduction. Thus we will assume that we are working with M ∈ IV n (N ) (the space of integral n-varifolds in N ) and we let
. Therefore H n−1 (sing(M )) = 0 and reg(M ) being orientable generalises the notion of closed orientable hypersurfaces. For us N is a smooth manifold, so wherever M is stationary and C 2 , it must be smooth.
The first variation of volume with respect to C 1 c vector fields X ∈ Γ(T N ), corresponds to the derivative of the variation of M , ψ t (M ) induced by X. Therefore M is stationary if
for all compactly supported C 1 vector fields X, where
. Since we are considering closed N we can assume that N ֒→ R N is isometrically embedded and consider the first and second variation formula for M ⊂ R N -except we obviously restrict to vector fields X ∈ Γ(T N ). The stability of M in some open set U ⊂ N , is the assumption of positivity of the second variation, derived in [16] 
= ∇ X X and {τ i } is some orthonormal basis of M at a given point x. If X is supported away from sing(M ), then setting X ⊥ to be the projection of X to the normal bundle NM ⊂ T N and ∇ ⊥ the normal connection in NM we have
Thus if M is two-sided in N , setting f = X, ν ∈ C 1 c (reg(M )), for some unit normal ν along reg(M ) then it can be checked that
In the case that M is two-sided and H n−2 (sing(M )) = 0, stability is equivalent to the positivity of Q(f, f ) along bounded and locally Lipschitz functions f (possibly non-zero over the singularities of spt(M )), which follows from an easy cut-off argument.
Furthermore, if M is two-sided and n = 2 we can relax the assumption on the singular set to H 0 (sing(M )) < ∞ and still work with such f -this is discussed in the appendix and the distinction is important for us. We remark that the results of Schoen-Simon can be trivially extended to the case that H 0 (sing(M )) < ∞ when n = 2 due to this fact. Actually, in [20] a much more general regularity and compactness theory is developed for stable minimal hypersurfaces, where a weaker assumption on the singular set is imposed in all dimensions; in particular one need only assume that H n−1 (sing(M )) = 0 to recover the results of SchoenSimon.
It is worth mentioning here that if M k → M varifold converge then we have both
We also note Allard's compactness theorem: for a sequence of bounded mass and stationary {M k } ⊂ IV n (N ) there exists some bounded mass and stationary M ∈ IV n (N ) such that a subsequence converges in the sense of varifolds (i.e. in the sense of Radon measures on the Grassmann bundle of n-planes in T N ); moreover if H n (M k ) is uniformly bounded then they converge in Hausdorff distance alsoa consequence of the monotonicity formula. Thus if M k are connected then M must be as well.
Lemma 3.1. Suppose M ֒→ N is a smooth, embedded hypersurface with index(M ) = I.
Given any collection of
Proof. We proceed by contradiction; suppose that there exists some collection of {U i } as above but for all 1 ≤ i ≤ I + 1 there exists 
Proof of Theorem 2.3
Proof of Theorem 2.3. Allard's compactness theorem [1, chapter 6] tells us that there exists some M such that (up to subsequence) M k → M in the varifold sense (and thus in Hausdorff distance), with M stationary, integral and connected. We can moreover choose a subsequence and assume wlog that index(M k ) = I for all k.
Before we continue the proof we need a lemma which is an easy corollary of the work of Schoen-Simon, Theorem 2.1. 
where C = C(N, n, Λ, R) < ∞. This follows because N is compact; there is a uniform upper bound on
where the above is taken over normal coordinate balls centred at y. Moreover M k ∩ B 
(x i ) and of course there exists some
to produce S non-zero and mutually orthogonal vector fields contributing to the index of M k and we have our contradiction.
Therefore for all x i ∈ sing(M ), M \{x i } is stable locally about each x i so
By the regularity results of Schoen-Simon c.f. Theorem 2.1 and Remark 2.2 we end up with the desired regularity of M .
We now investigate what kind of convergence we have over M . By Lemma 4.1 (and arguing exactly as in Claim 1) we know that there is a finite set Y = {y i } K i=1 ⊂ M such that the convergence is smooth and graphical over x ∈ M \Y and K ≤ I. Now for any open Ω ⊂⊂ M \Y, there exists a finite cover of Ω and local graphs over each element in the cover. Letting k be sufficiently large (so that the Hausdorff distance of M k to M is sufficiently small) we can consider the part of M k over Ω to be within a normal tubular neighbourhood of Ω, therefore there exist layered graphs from Ω parametrising M k and defined on these components. Note that the number of leaves is eventually a constant integer since M is smooth and connected (and therefore M with a finite number of small discs removed is also connected). 
Now let X i be an arbitrary C 1 extension of s i to the rest of N . We know that eventually we must have δ 
which follows from the monotonicity formula (X
is the projection of X onto T M k ): For all small ε > 0 note that over M \(∪ yi∈Y B N ε (y i )) the convergence is smooth and graphical thuŝ
By the monotonicity formula (see e.g. [16, Remark 17.9 (3)])
, and (4) follows.
Therefore we also have that
Hence for i < I + 1
implying that µ k i → 0 for all i. But then it is easy to see that this implies lim k→∞´M k |s k I+1 | 2 = 0 which is a contradiction and the claim follows.
Claim 4: If the number of leaves in the convergence is eventually one then the convergence is smooth and graphical over all of M . Initially all we know is that this is the case over M \Y, but the full statement will follow from Allard's regularity theorem. Let ε > 0 and suppose the convergence is not graphical over some point x ∈ M . We know we can pick r(x, ε) > 0 sufficiently small such that (we may denote M (U ) =´U ∩M dH n since M has multiplicity one)
Now by varifold convergence we know that (since r is sufficiently small and M (∂B
Now pick r > η = η(ε, r, n) > 0 to be specified later (again by Hausdorff convergence) we get that for all sufficiently large k, and any
n where now we have picked η sufficiently small so that the last inequality holds true.
Since ε was arbitrary, we can apply Allard's regularity theorem and conclude (in particular) that M k ∩ B η (x) is smooth for all k with uniform L ∞ control on the second fundamental form. Thus the convergence must be graphical everywhere over M and we have proved the claim.
If N has positive Ricci curvature and M is one-sided we lift everything to the universal cover π :Ñ → N . By Frankel's theorem [9, Generalised Hadamard Theorem], since RicÑ > 0, the liftsM k andM are all connected (if not, any two components must intersect which is a contradiction). Also,Ñ is simply connected so we must have thatM k andM are orientable (and thus two-sided) embedded minimal hypersurfaces. Furthermore, we still have smooth graphical convergence of theM k toM away fromỸ = π −1 Y, and the number of sheets is again ≥ 2. Thus we reduce to the below: we will prove thatM is a stable, two-sided minimal surface inÑ which contradicts the positivity of the Ricci curvature.
The rest of the proof now concerns the situation where M is two-sided and the graphical convergence is a single leaf or the graphical convergence has more than one leaf.
We now follow the ideas developed in [17] , see also [6] . If the number of leaves is bigger than one, or there is a single leaf always lying on one side of M then we now prove that index(M ) = 0, i.e. M is stable. Roughly speaking, if a sequence of minimal hypersurfaces converge smoothly and graphically to some fixed minimal surface, then eventually one should see a smooth variation of the limit through minimal surfaces -i.e. there must be a solution to the Jacobi equation. This is given explicitly by suitably re-normalising the geodesic distance between the limit and the approaching surfaces as in [17] . If a single sheet converges totally on one side then this is always positive, moreover if there are many sheets, then over most of M we can construct a positive solution (the signed distance between the top and bottom sheet). In either case, we end up with a signed solution to the Jacobi operator. Once we know there is a strictly positive solution then this must correspond to the lowest eigenvalue and there can be no index (by standard minimax methods).
In the case that the convergence is single sheeted and on both sides (i.e. M k ∩ M = ∅ -we will assume that M k = M otherwise the conclusion is trivial), the procedure gives a solution to the Jacobi equation which is neither strictly positive or negative, thus the first eigenvalue is negative by standard minimax arguments.
We give the details in the case that the number of sheets is ≥ 2, and leave the case of single sheet convergence -"one-sided convergence" and "two-sided convergence" -mostly to the reader since it follows easily from the below.
Claim 5: If the number of sheets is ≥ 2 and M is two-sided then there exists a smooth positive solution the the Jacobi equation over M \Y. Given any compact domain Ω ⊂⊂ M \Y we know that we can find δ > 0 and k sufficiently large such that there is some set of functions {u
where Ω δ is a δ-normal neighbourhood of Ω. Now consider the following path of smooth
and notice that any compactly supported ambient vector field Z ∈ C 1 c (Ω δ ), gives rise to variations of Σ k (t), denoted
where ψ s is a family of diffeomorphisms induced by Z i.e. Z(x) = ∂ψs(x) ∂s s=0
. We have
and this is a smooth function of t by the definition of Σ k (t). We also know that this quantity is null when t = 0, 1 for all k, thus there exists some t k ∈ (0, 1) such that
where
and {τ k,i } is some orthonormal basis for Σ k (t) at any given point. We could have also written
We also know that v k (x, t) → 0 uniformly and smoothly in x as k → ∞ (since u l k → 0 uniformly and smoothly see also [6] , [17] ), for any t ∈ [0, 1], l ∈ [1, L] and thus Σ k (t) converges smoothly and graphically to Ω. Moreover Z, V k are compactly supported on each Σ k (t). Thus, restricting to vector fields Z that are normal along Ω (i.e. are written as η(x)ν(x) for some η ∈ C ∞ c (Ω)), standard integration by parts and submanifold formulae lead to: that
where a k , b k , c k go to zero smoothly and uniformly on Ω -see [17, p. 333] 4 . Now consider Ω ′ ⊂⊂ Ω and re-normalise h k (x) :=h k (y 0 ) −1h k (x) for some fixed y 0 ∈ Ω ′ , a Harnack estimate 5 gives smooth control over compact subsets Ω ′′ ⊂⊂ Ω ′ . Thus we can conclude that (since h k > 0) we converge locally and smoothly to a non-trivial solution h :
3 by following the computations in [16, Section 9] except we have considered the two parameter variation of Ω. Once again we have considered Ω ⊂ N ⊂⊂ R N and restricted to variations which are tangent to N 4 to see this notice that if (5) holds on Ω then we recover (6) with a k , b k , c k all zero -but as k → ∞ we are converging smoothly to this situation where Σ k (t k ) converges to Ω smoothly and graphically 5 sinceh k is a positive solution to a sequence of uniformly elliptic equations with smooth coefficients, once the coefficients a k , b k , c k are sufficiently small - [10, Corollary 8.21] gives an L ∞ estimate and then [10, Theorem 9.11] gives a C 1,α estimate (by Sobolev embedding), but then a simple bootstrapping argument gives smoothness and for any Ω ⊂⊂ M \Y we have smooth estimates for h. Moreover the maximum principle tells us that h > 0 on M \Y.
We point out here that when the number of sheets is one then we follow the above ideas, except that we set v k (x, t) = tu k (x) which is defined over all of M . Thush k (x) = u k (x) solves (6) over all of M and we can re-normalise
Then standard elliptic estimates 6 give smooth control and convergence of h k to a non-trivial limit h satisfying (7) on M . In the case that we have one-sided convergence then h k > 0 which is preserved in the limit (by the maximum principle and that h k L 2 = 1), thus we have a signed solution to the Jacobi operator h and the limit must be stable (by minimax methods). In the case that we have two-sided convergence then h cannot be either strictly positive or negative, therefore there must exist at least one negative eigenvalue by minimax methods.
Claim 6: The solution h to (7) extends to a smooth positive solution to the Jacobi equation over all of M . To see this it suffices to check that h is bounded over the y i ∈ Y and thus 7 that we have a strictly positive solution to the Jacobi equation over all of M . In other words, M must be stable by a standard minimax argument.
We use an argument which can also be found in [6] : let y i ∈ Y and for η sufficiently small consider {z 1 , . . . , z n } geodesic normal coordinates on B M 2η (y i ). Extend these to exponential normal coordinates {z 1 , . . . , z n+1 } on some small neighbourhood U in N about y i . In z coordinates consider a cylindrical neighbourhood C 0 = B n η × (−c 0 , c 0 ) in R n+1 for c 0 small. Given ε > 0 we can find k sufficiently large so that the graphs u
By the proposition in the appendix of [19] , setting η, c 0 and then ε sufficiently small (i.e. k sufficiently large) we can foliate C 0 by minimal graphs (with respect to
where the latter follows easily from the proof in [19] and the fact that w
is some uniform constant independent of k). We note that the result of White is only proved when n = 2 but it follows trivially in higher dimensions -see [19, Remark 2] .
k solves some uniformly elliptic differential equation (see [7, pp. 237-238] in the case that n = 2)
Letting g ij be the metric components of N in z-coordinates, we have that the coefficients
K2 |ξ| 2 for all ξ ∈ R n . By the weak maximum principle, in particular [10, Theorem 3.7] sup
where for η sufficiently small, we can assume that K 2 ≤ 1 2 . Therefore, when η is sufficiently small sup
We note by the maximum principle that v
Thus we have that h is bounded over y i and we have proved claim 6.
A The results of Schoen-Simon
In [15] they consider functionals F on balls in R n+1 which correspond to the volume functional of hypersurfaces in small normal coordinate balls about points in N . In other words, when considering minimal hypersurfaces M ∈ IV n (N ), if we take a normal coordinate ball about some point B 
where ν is the unit normal onM in R n . We will obviously not distinguish between M ∩B 
and there exist µ, µ 1 such that
where α, β are multi-indices and ∇ 1 , ∇ 2 denote differentiation with respect to the first or second component of F . Furthermore F is the area integrand when y = 0, i.e.
Finally, for all w ∈ B 
where 
2 ) consists of a disjoint union of graphs of functions
where C = C(n, µ, µ 1 ρ) < ∞.
Remark A.2. This is clearly false if we remove the stability assumption by considering a blown down catenoid in a Euclidean ball and F is exactly the area integrand of R n+1 . The catenoid has index one and if we scale it down it eventually has index one in any ball about the origin, moreover it converges to a plane of multiplicity two -in particular we can make it satisfy all the the conditions above, except the stability condition -but it can never be a multi-valued graph at the origin.
We also remark that the condition H 0 (sing(M )) = 0 when n = 2 is sufficient for the above theorem to hold -we check this below and note that this is a trivial extension of the above result. As mentioned previously a result of Neshan Wickramasekera [20] would in particular allow one to assume only that H n−1 (sing(M )) = 0 for all dimensions.
The following regularity (and compactness) theorem then holds: where A is the second fundamental form of M in R n+1 .
Remark A.4. We can therefore conclude when 2 ≤ n ≤ 6 that if F q are a sequence of functionals all satisfying (8)- (12) uniformly, such that they converge in C 3 to some limit functional F ; then any sequence M q of F q -stable hypersurfaces, with uniformly bounded mass, converge locally in the C 2 topology to some M which is itself an F -stable surface. Moreover if F q converges to F in C k then M q converges to M in C k−1,α .
Once again the assumption that H 0 (sing(M )) < ∞ is sufficient to conclude the above.
The following Lemma is essentially proven in [15, Lemma 1] -we note that this is the only place we need to check for the theorems of Schoen-Simon to hold for surfaces with point singularities.
Lemma A.5. Let M ∈ IV 2 (B We check this now: recall that the monotonicity formula gives us the existence of some C such that for all sufficiently small ρ, and the result follows.
Finally we state a theorem analogous to Theorem 2.3 in the setting of changing ambient metrics on N converging uniformly and smoothly to some limit. It can be proved using the methods in this paper, but using Theorem A.3 instead of Theorem 2.1. Below we will fix a smooth back ground metric on N , call it h and we say that metrics g k → g converge smoothly to some limit if they converge smoothly with respect to h. Moreover, we measure volume with respect to h (since this is equivalent to doing so via g and thus g k also), and we let index k , index denote the index with respect to g k , g respectively.
Theorem A.6. Let 2 ≤ n ≤ 6 and N n+1 be a smooth closed manifold and {g k } k∈N a family of Riemannian metrics on N converging smoothly to some limit g. If {M We have that the convergence is smooth and graphical for all x ∈ M \Y where Y = {y i } K i=1 ⊂ M is a finite set with K ≤ I and the following dichotomy holds:
• if the number of leaves in the convergence is one then Y = ∅ i.e. the convergence is smooth and graphical everywhere
• if the number of sheets is ≥ 2 -if N has Ric N > 0 then M cannot be one-sided -if M is two-sided then M is stable.
Clearly then we recover Corollary A.7 in the case of changing background metrics:
Corollary A.7. Let N n+1 be a closed Riemannian manifold with Ric N > 0 and 2 ≤ n ≤ 6. Denote by M n k (N ) the class of closed, smooth, and embedded minimal hypersurfaces M ⊂ (N, g k ). Then given any 0 < Λ < ∞, I ∈ N and any sequence M k ∈ M n k with H n (M k ) ≤ Λ and index k (M k ) ≤ I then there exists some M ∈ M n (N ) such that (up to subsequence) M k → M in the C k topology for all k ≥ 2 with single-sheeted graphical convergence. Moreover H n (M ) ≤ Λ and index(M ) ≤ I.
